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Light diffraction by a strong standing electromagnetic wave
A. Di Piazza,∗ K. Z. Hatsagortsyan,† and C. H. Keitel‡
Max-Planck-Institut fu¨r Kernphysik, Saupfercheckweg 1, D-69117 Heidelberg, Germany
(Dated: November 8, 2018)
The nonlinear quantum interaction of a linearly polarized x-ray probe beam with a focused intense
standing laser wave is studied theoretically. Because of the tight focusing of the standing laser
pulse, diffraction effects arise for the probe beam as opposed to the corresponding plane wave
scenario. A quantitative estimate for realistic experimental conditions of the ellipticity and the
rotation of the main polarization plane acquired by the x-ray probe after the interaction shows that
the implementation of such vacuum effects is feasible with future X-ray Free Electron Laser light.
PACS numbers: 42.50.Xa, 12.20.Fv
Since the early work by Heisenberg and Euler [1] the
electromagnetic properties of vacuum are known in prin-
ciple to be modified by the presence of strong electromag-
netic fields [2]. The associated scales for the electric and
magnetic field amplitudes are governed by the so called
critical electric Ecr = m
2c3/~e = 1.3 × 1016 V/cm and
magnetic Bcr = m
2c3/~e = 4.4×1013 G fields with nega-
tive electron charge−e and electron massm. In the pres-
ence of such strong fields vacuum generally behaves as a
nonlinear, birefringent and dichroic dielectric medium.
In particular the vacuum polarization has been studied
in the presence of static and uniform electromagnetic
fields in various configurations [3]. Given the extremely
large values of Ecr and Bcr it remains very challenging
though to experimentally verify vacuum nonlinearities by
means of static and uniform fields. The PVLAS (Polar-
izzazione del Vuoto con Laser) experiment has recently
been designed to measure the extremely small ellipticity
acquired by a linearly polarized probe laser after passing
repeatedly through a vacuum region with applied static
uniform magnetic field of strength 5.5 × 104 G [4]. We
note that most recently first experimental results from
the PVLAS project on the rotation of light polarization
in vacuum have been reported in [5]. Nevertheless, those
results cannot be explained as a nonlinear quantum elec-
trodynamics (QED) effect but as a dichroic effect due to
the possible conversion of a photon into a pseudoscalar
particle, called axion.
Much stronger electromagnetic fields can be produced
by means of focused laser pulses. Laser intensities up
to 1021-1022 W/cm2 have already been obtained in the
so called λ3 regime [6]. Envisaged intensities of order
1024-1026 W/cm2 corresponding to peak electric fields
1013-1014 V/cm are likely to be reached in near future
[7]. At present, elastic light-light interaction has not been
experimentally revealed via strong laser pulses [see also
[8]]. On the theoretical side, photon propagation was
evaluated to be modified in the presence of an intense
plane wave [9, 10]. Recently, the analogous problem of
the propagation of an x-ray photon along a standing wave
has been considered in [11] by estimating the effects of the
laser pulse profile along the propagation direction. With
the recent development of extremely focused laser beams,
a theoretical treatment becomes necessary though which
fully takes into account of the three-dimensional spatial
confinement of the fields.
In the present Letter we investigate how extreme spa-
tial confinement of crossed laser fields gives rise to diffrac-
tion effects in the interaction between probe and intense
laser beams. The virtues of a high-frequency probe field
with good spatial coherence and a large photon number
per pulse become apparent such that the envisaged X-ray
Free Electron Laser (X-FEL) at Deutsches Elektronen-
Synchrotron in Hamburg appears suitable. The required
focusing of the laser pulses turns out to yield a signif-
icant reduction of the observable vacuum nonlinearities
while experimental verification is shown to be feasible for
realistic near future parameters.
Since vacuum polarization effects are larger with
shorter probe wavelength, we study the interaction of
an x-ray probe beam by a standing wave generated by
the superposition of two counterpropagating strong and
tightly focused optical laser beams. The advantage of a
standing wave instead of a single laser wave is a larger
coupling strength in the configuration in which the probe
wave propagates perpendicularly to the strong beam.
Our configuration also turns out to be more favorable
because the deteriorating role of diffraction on vacuum
effects is reduced.
In the present experimental conditions it is appropriate
to assume that the amplitude and the frequency of both
the probe and the strong field are much less than Ecr
and m respectively (from now on natural units with ~ =
c = 1 are used). Further, we have ensured that here
the axion effect is completely negligible, essentially due
to the microscopic dimensions of the interaction region
of the two beams [see also [12]]. For these reasons our
starting point is the Euler-Heisenberg Lagrangian density
at lowest order [2]:
L =
1
2
(E2−B2)+ 2α
2
45m4
[
(E2 −B2)2 + 7(E ·B)2] (1)
with fine-structure constant α = e2/4pi and total electric
and magnetic field E(r, t) and B(r, t), respectively. The
2FIG. 1: Geometry depicting the interaction of the two beams.
All symbols are described between Eqs. (4) and (7).
second term in the previous Lagrangian density can be
considered as a small perturbation of the Maxwell La-
grangian density (E2 − B2)/2. The Lagrangian density
in Eq. (1) yields the following nonlinear wave equation
for the electric field
∇2E− ∂2tE = J (r, t) (2)
where
J (r, t) =∇× (∂tM) + ∂2tP−∇(∇ ·P) (3)
with polarization P(r, t) = 4α2/(45m4)[2(E2 −
B2)E + 7(E · B)B] and magnetization M(r, t) =
4α2/(45m4)[2(E2 −B2)B− 7(E ·B)E]. Since the quan-
tity J (r, t) is very small, this nonlinearity of the wave
equation (2) can be accounted for by a perturbative ap-
proach. Up to first order, the solution of Eq. (2) can
be expressed as: E(r, t) ≈ E(0)(r, t) + Ediff(r, t), where
E
(0)(r, t) = E0(r, t) + Ep(r, t) is the zero-order solution
with E0(r, t) being the strong standing wave electric field
and Ep(r, t) the probe electric field and where
Ediff(r, t) = − 1
4pi
∫
V
dr′
J
(1)(r′, t− |r− r′|)
|r− r′| (4)
is the diffracted wave generated by the nonlinear QED
interaction of the probe with the strong standing wave.
This interaction breaks the space isotropy [see Eq. (1)]
and the symmetry breaking manifests itself in the field
correction Ediff(r, t). In Eq. (4) it is understood that the
point r lies outside the interaction volume V defined by
the condition J (1)(r, t) 6= 0. J (1)(r, t) is obtained by
substituting the fields in Eq. (3) by their corresponding
zero-order expressions E(0)(r, t) and B(0)(r, t). Further,
we assume that the strong standing wave results from the
superposition of two Gaussian beams propagating along
the z axis in opposite directions and both with polariza-
tion along the x axis, amplitude E0/
√
2, frequency ω0
and waist size w0 (see Fig. 1) [13] yielding
E0(r, t) =
√
2E0
e−(x
2+y2)/w2(z)√
1 + (z/zr)2
sin(ψ0 + ω0t)
× cos
(
k0z − tan−1 z
zr
+
k0z
2
x2 + y2
z2 + z2r
)
xˆ
(5)
with k0 = ω0, w(z) = w0
√
1 + (z/zr)2 and Rayleigh
length zr = k0w
2
0/2. The factor 1/
√
2 in the amplitude of
the superimposed beams has been inserted to take into
account that usually in experiments the standing wave
is obtained by first splitting the beam of one laser field.
In general, Eq. (5) is nearly an approximate solution of
Maxwell’s equations when w0/zr ≪ 1. We have shown
that our final results are valid up to terms proportional
to (w0/zr)
2 which is much smaller than one even in the
case of a maximally focused beam with w0 = λ0 = 2pi/k0.
As opposed to the strong standing wave, the probe beam
usually is neither tightly focused nor very strong. For
these reasons, if we assume that the probe field propa-
gates along the y axis and that it is polarized in the x-z
plane, we can write the probe electric field as
Ep(r, t) = Epe
−(x2+z2)/w2p sin (ψp + ωpt− kpy)
× (zˆ sinϑ+ xˆ cosϑ) (6)
with probe frequency ωp = kp and probe waist size wp
(see Fig. 1). In Fourier space Eq. (4) becomes:
Ediff(r, ω) = − 1
4pi
∫
V
dr′
eiω|r−r
′|
|r− r′| J
(1)(r′, ω). (7)
We are interested in the effects of the strong standing
wave on the probe field. Then we fix ω = ωp and the
detection point r along the probe field propagation axis,
i. e. r = rd ≡ (0, yd, 0) with yd > w0 (see Fig. 1).
Moreover, to analyze the diffracted field evolution along
its propagation to rd, we write a general expression for
the diffracted field which is valid in the near as well as
in the far zone as defined below. This can be realized
by adopting the following conditions: on the one hand
yd ≫ wp,w0, zr and on the other (w0/λp)(wp/yd)2 ≪ 1
and (wp/λp)(wp/yd)
3 ≪ 1, with probe wavelength λp =
2pi/ωp. From an experimental point of view, the previ-
ous conditions are not very restrictive. For example, if
w0 ∼ λ0 . 1 µm, yd & 1 cm and λp & 10−3 µm, these
inequalities are fulfilled if wp . 100 µm. Now, if we set
Ediff(rd, t) = −Ediff(rd)e
−i(ψp+ωpt−kpyd)
2i
+ c.c., (8)
we obtain for above parameter region
Ediff(rd) =
ω2p
4pi
Ep
2
(7 sinϑzˆ+ 4 cosϑxˆ)
α
45pi
(
E0
Ecr
)2
V
yd
(9)
3where the complex integration
V =
∫
V
dr′e−(1/w
2
p−iωp/2yd)(x
′2+z′2) e
−2(x′2+y′2)/w2(z′)
1 + (z′/zr)2
×
[
1 + cos 2
(
k0z
′ − tan−1 z
′
zr
+
k0z
′
2
x′2 + y′2
z′2 + z2r
)]
(10)
should be performed over the finite volume V of the in-
teraction region. Furthermore, the three-dimensional in-
tegral over r′ is rapidly convergent in the limit V → ∞
so that we can evaluate it in this limit with no apprecia-
ble error. Hence, with wp/λ0 ≫ 4
√
1 + (piw2p/ydλp)
2, the
cos-term in the integrand yields a negligible contribution
with respect to the remaining integral that can be per-
formed exactly. For example, if λ0 . 1 µm, wp & 8 µm
and λp & 10
−3 µm this approximation applies well in the
region yd & 2 cm. Then we obtain
V =
pi√
2
w0wpzr√
1− ipi w2pydλp
exp
[
z2r
(
1
2
1
w2p
+
1
w20
− ipi
2
1
ydλp
)]
×K0
[
z2r
(
1
2
1
w2p
+
1
w20
− ipi
2
1
ydλp
)]
(11)
with K0(z) being the zero-order modified Bessel function
[14]. By adding the diffracted field to the probe field in
Eq. (6) we obtain that the resulting field is elliptically
polarized in the x-z plane and that the major axis of
the ellipse is rotated with respect to the initial probe
polarization direction. The two relevant parameters, i.
e. the rotation angle of the major axis of the ellipse and
the ellipticity, are given respectively by
ψ =
ωp
8pi
3α
45pi
I0
Icr
ωpVr
2yd
sin 2ϑ, (12)
ε =
ωp
8pi
3α
45pi
I0
Icr
ωpVi
2yd
sin 2ϑ (13)
with the real (imaginary) part Vr (Vi) of V , strong laser
intensity I0 and Icr = E
2
cr/8pi = 2.3×1029 W/cm2. Since
the diffracted field Ediff(r, t) is generated by a localized
source inside V , it is not a plane wave and its amplitude
depends on the observation distance yd as ψ and ε do.
Eqs. (12) and (13) and the analytical expression (11)
allow to analyze the evolution along the propagation di-
rection of the polarization of the probe field after the
diffraction by the strong standing wave. The typical
length of the interaction region is w0 in the x direction
and wp in the z direction and they determine the diffrac-
tion parameters: ξ0 = w
2
0/ydλp and ξp = w
2
p/ydλp. In
turn, these determine the field zones: the “near zone”, if
ξ0, ξp ≫ 1, where the diffraction effects along both the
x and z axis are negligible; the “far zone”, if ξ0, ξp ≪ 1,
where the diffraction effects are very important.
FIG. 2: The polarization rotation angle ψ and the ellipticity
ε as functions of the observation distance yd. We set ϑ = pi/4,
w0 = λ0 = 0.745 µm, I0 = 10
23 W/cm2, wp = 8 µm and λp =
0.4 nm, yielding ξ0 = 0.14/(yd[cm]) and ξp = 16/(yd[cm]).
Only in the near zone one obtains results analogous to
those in [9, 11] because the spatial confinement of the
fields transverse to the probe propagation direction does
not play any role. In this zone, on one hand the rota-
tion angle ψ is much smaller than the ellipticity being
the dominating imaginary part of V ≈ i
√
2pi3w0yd/ωp
in Eq. (11). On the other hand, the ellipticity does not
depend on the observation distance and it can be writ-
ten as 2ε = ωpl(n⊥ − n‖) sin 2ϑ. In this expression l is
the distance covered by the probe in the presence of the
strong field and n‖,⊥ are two different vacuum refractive
indices depending on the mutual orientation of the probe
and the strong field polarization directions. In our case
l = 2w0 and n‖,⊥ = 1 +
√
pi/2c‖,⊥α/(360pi)I0/Icr with
c‖ = 4 and c⊥ = 7. However, we stress that the near
zone is hardly realizable experimentally. For example, if
w0 . 1 µm, the condition ξ0 ≫ 1 requires observation
distances yd ≪ 1 cm even in the case of x-ray probes.
In the far zone where ξ0, ξp ≪ 1, V is independent
of yd and becomes real. Then the polarization of the
probe field remains linear but its polarization direction is
rotated appreciably by ψ. In particular, if wp ≫ w0 then
V ≈ pi3/2wpw20/2. Therefore, the polarization rotation
angle ψ in the far zone is pi
√
ξpξ0/2 times smaller than
the ellipticity in the near zone. However, we note that
at observation distances with ξp < 1/pi the defocusing of
the probe field is no more negligible. For a precise rather
than above order-of-magnitude estimate correcting terms
proportional to 1/(piξp) should be included in Eq. (6).
In the remaining intermediate zone the most general
situation happens in which the polarization rotation an-
gle ψ and the ellipticity ε alter similarly. In Fig. 2 we
plot ψ and ε as functions of the observation distance yd
and find detectable values. In the numerical estimates
we have used the exact expression (10) of V and ensured
that the analytic expression (11) reproduces the numer-
ical values up to 0.1 %. In order to maximize the vac-
4uum effects, we set ϑ = pi/4. Concerning the strong field
we employ the feasible intensity I0 = 10
23 W/cm2 and
w0 = λ0 = 0.745 µm. With respect to the probe field
we set λp = 0.4 nm and wp = 8 µm. Note that in Fig.
2 we avoided both the far zone as mentioned above and
the near zone because already at the quite small obser-
vation distance yd = 2 cm we merely achieve ξ0 = 0.07.
Nevertheless, Fig. 2 confirms that at small yd the ellip-
ticity is larger than the polarization rotation angle and
vice versa for large yd. In general, as expected, the vac-
uum effects are larger at small yd when the effects of
the diffraction along z become smaller. This reduction is
intuitively clear because diffraction induces a spreading
and consequently an attenuation of the generated field.
Furthermore, diffraction effects along x can hardly be
avoided. In this respect, the head-on collision of a probe
field with a single laser pulse is less favorable than our
crossed beam scenario because the diffraction effects then
cannot be neglected along both axes x and z.
In the plane wave approximation one neglects both
the diffraction effects and the spatial confinement of the
probe and the strong beams. In this case we note that
the value of the ellipticity acquired by a probe with wave-
length λp = 0.4 nm after crossing a region with 2w0 =
1.5 µm and standing wave intensity I0 = 10
23 W/cm2 is
4 × 10−7 rad, i. e. more than one order of magnitude
larger than our results including spatial confinement and
diffraction. Nevertheless, Fig. 2 also shows that with
above parameters and despite diffraction, the polariza-
tion rotation angle and the ellipticity are still more than
two orders of magnitude larger than the estimated ellip-
ticity induced by nonlinear QED effects in the PVLAS
setup with εPVLAS = 5 × 10−11 rad [4]. We stress also
that our method is single-passage which does not require
an optical cavity as in the PVLAS experiment.
The presence of charged particles in the interaction
region may conceal vacuum effects. The maximum pres-
sure PM of an electron gas in the interaction region to
render the effects of Thompson scattering of the probe
field negligible can be estimated as PM ∼ 10−6 torr for
the parameters in Fig. 2 and temperature T = 300 K.
Such a high-quality vacuum are obtained nowadays [see,
e. g., [5]].
Another question is if todays x-ray polarimeters can
measure small ellipticities and/or polarization rotation
angles as obtained above. By exploiting multiple Bragg
reflections by channel-cut crystals, polarimeter sensitiv-
ities of order 10−6-10−5 rad can be reached in principle
[15]. Since ψ, ε ∝ I0 [see Eq. (13)], to obtain such val-
ues, strong field intensities of order 1025-1026 W/cm2 are
required which are quite feasible in the near future [7].
Furthermore, at photon wavelengths λp = 0.4 nm typi-
cal values of the modulation factor and of the efficiency
of an x-ray detector are around 20-30 % [16]. Then, in
order to measure, for example, polarization rotation an-
gles ψ ∼ 10−5 rad the probe beam should provide for
each pulse at least of order 1012-1013 photons. Moreover,
due to the small angular acceptance of the channel-cut
crystals ∆θ ∼ 1 µrad, a highly collimated x-ray probe
with beam divergence up to ∆θ is required in order to
reach the mentioned values of sensitivities. Then, the
probing of vacuum nonlinearities can represent a further
challenging application for the future X-FEL because it
is likely to fulfill both previous conditions on the number
of photons per pulse and on the beam divergence [17].
Finally, the initial polarization degree of the X-FEL has
to be sufficiently high to allow for the measurement of
polarization rotation angles ψ of order of 10−5 rad. If
this is not the case, the X-FEL beam needs to be fur-
ther polarized by employing, for example, the technique
described in [15].
In conclusion, we have shown that diffraction and spa-
tial confinement of the fields are essential in describing
the interaction between a strong tightly focused optical
standing wave and an x-ray probe beam. The ellipticity
and the polarization rotation angle acquired by the probe
after the interaction with the strong field were evalu-
ated analytically. We have demonstrated that while these
variables are considerably smaller than those estimated
in the usually considered plane wave approximation, they
should be measurable in the near future.
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